
Measure Theory with Ergodic Horizons
Lecture 13

Universally measurable sets and functions.

let X be a metric space. A set B2X is called universally measurable if it is measurable

with respect to every definite Bowl measure on X. Note that the collection UM(X) of
all univerally measurable subsets of X is a 5-algebra (being the intersection of Measu for
all Definite Bowl measures on X). For a metric space 4,

a function f : X-Y is called

universally measurable if it is (UMIX)
,
BCY)-measurable

,
i

. e
.

the fepreimage of

each Bool set in Y is universally measurable.

Remark
.
Note that in the definition above

,
Refininetess can be replaced by finheren,

in other words
,

a set BEX is universally measurable - it is measurable with

respect to every Bonel probability measure .
HW

It is a theorem in Descriptive Set Theory Put all analytic sets are universally measurable,
where a subset of a Polish space X is called analistic if it is the image of
a Borel subset of a Police space i under a Borel function : YEX. Equivalents,
AIX is analytic < =35 Polish Y and a Bonel st B = XXY c .

t
. A-proj (B).

YX

P
The definition of universally measurable functions in motivated by the fact that
measurable functions are not closed under compositions (HW6 Question 6) :

Prop . Univerally measurable functions are closed under composition : if X
,
Y
,
E are



metric spaces and :X-Y
, g : YE are universally measurable

,

then gof : X- z

is univerally measurable·

Proof
.

Uses push-forward measures and is left as HW.

Pashforward measures.

For measurable
spaces (X,) ,

(4
,
5)

,
an (5,5) -vecurable function + :X-Y

,
and

a measure pe on I
,

the puchforward of h viaf is the measure far on y

defined by tem (B) := M(f"(B) for each BEJ.

This measure is also sometimes

devoted by uf.

Examples .

(a) let f : IR/ = [0
,1) -s Se K

given by xit edixi
.

Then the pushforward fel of Lebesque
f(x)

measure X via is an invariant measure on S'under rota-

1 I ins
i

tions
,

i. e . under the action of s' on itself by multication.

16) ht f : ~Rao : = (0,) be the exponentiation function XI eX . Then the

pushforward fex ofLebesque measure via is invariant under scalar multiplication,
i
. e. The action of $Ry0, on itself by translation.

In both of these examples ,
f is a group-isomorphism from (IR/C ,t) and (Rt) to IS) and

(IRs
,

%) .
Since the lebesque measure on R/ECO,

1) and on IR is invariant under translation

with respect tot, the pushforward measures via these isomorphisms are invariant under

translation with respect to o .

(c) let IX
,
#)

,
(5

,
5) be measurable

spaces
and let m be a measure on IXXY

,
IQ5).

Then the pashforward measures My := projyem and My := project are called the

marginals of M andl is called a joining of My and My



In probability ,
measurable functions to some metric space Ionelines IN)

are called random variables and for a random variable :Ph
,) -> X

the value fluel of some arbitrary no is called a sample, The pashforward for
via f is called the law of f.

Example .

Let Graph (IN) := the space of all graphs on IN
,

i
.
e. the vertex set is

always IN and the edge set is a subset of N? This space can be identified

with 2/
,
where /NJ is the set of all I-element subsets of IN.

A random graph on IN is a Borel probability measure on Graph (IN). Most often
a randm graphe is a purhforward measure hel via some random variable

G : (4
,
1) -+ Graph (IN) and one may say

"let G bea racdon graph on IN !

Given an operation p : Graph(IN)-> Graph (IN) ,

for exaple , cutting all cycles in a

given graph ,
we would

say let given a random graghe G
,

we obtain another

randon graph p(a) .

This just means that weswitched from Gen to (poGeM.

Invariant measures : Haar measure

Def . ItI be a group and NXX
,Bul be a measurable action of i on a measure

space IX
,
B

, b) ,
i . e

. each VET is a l
,
B) - measurable function .

Then we say
that

this action preserves me or that Me is Finvariant if raM =M for all be P.

Note put this is equivalent to M(g . B) =M/B) for each JEN.

In dynamics , given an action of a group
Y

,
one would like to have Finvariant

probability measures to work with.

Important examples of invariant measures are Haar measures on locallyrompact groups.

Def
.

A topological grouph is a
group equiped wil a topology which makes the



group operation : GxG-h and its inverse ()" : 2-h continuous.

Theorem (Haar. Every locally compact Hansdorff topological group
a admits a unique

Captoscaling) monzero locally finite Bol measure (E finite on compact sets)
that is invariant under the left translation action of G on itself,


